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Abstract. We consider a class of graphs G such that the height of 
the edge ideal I{G) is half of the number ttV^(G) of the vertices. We 
give Cohen-Macaulay criteria for such graphs. 



Introduction 

In this article a graph means a simple graph without loops and multiple 
edges. Let G be a graph with the vertex set V{G) = {xi, . . . , Xn} and with 
the edge set E{G). Let S = K[ xi, . . . ,Xn] be the polynomial ring in n 
variables over a field K. The edge ideal /(G), associated to G, is the ideal 
of S generated by the set of all squarefree monomials Xj^ocj so that Xi is 
adjacent to xj. For this ideal the following theorem is known: 

Theorem 0.1. Suppose G is an unmixed graph without isolated vertices. 
Then we have 2 height /(G) > ]\V{G). 

In this paper we treat the class of graphs for which the above equality 
holds, i.e., we consider an unmixed graph without isolated vertex with 
2 height /(G) = tJV^(G). Such a class of graphs is rich, because it includes 
all the unmixed bipartite graphs and all the grafted graphs. Herzog-Hibi 
[8] gave beautiful theorems on Cohen-Macaulay edge ideals of bipartite 
graphs. Our purpose in this article is to generalize their results for our 
class of graphs. 

It is known that a graph G in our class has a perfect matching, we may 
assume that 



(*) V{G) = X UY, X nY = $, where X = {xi, . . . , x„} is a minimal 
vertex cover of G and Y = {yi, ...,?/„} is a maximal independent set of G 
such that {xiui, . . . , XnUn} C E{G). 
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Hence {xi — yi, . . . , a;„ — ?/„} is a system of parameters of S/I{G). In 
Sections 3 and 4, using this, we give the following characterization of Cohen- 
Macaulayness, which is similar to the case of bipartite graph (see [8j). 

Theorem 0.2. Let G he an unmixed graph with 2n vertices, which are 
not isolated, and with height /(G) = n. Then the following conditions are 
equivalent: 

(1) G is Cohen- Macaulay. 

(2) A(G) is strongly connected. 

(3) There is a unique perfect matching in G. 

(4) A(G) is shellahle. 

Note that it includes equivalence between Cohen-Macaulayness and shella- 
bility as in the bipartite graphs (see [3]). 

We also have a Cohen-Macaulay criterion which is similar to Herzog-Hibi 
(d], Theorem 3.4): 

Theorem 0.3. Let G he a graph with 2n vertices, which are not isolated, 
and with height /(G) = n. We assume the conditions (*) and 

(**) Xiyj € E{G) implies i < j. 
Then the following conditions are equivalent: 

(1) G is Cohen-Macaulay. 

(2) G is unmixed. 

(3) The following conditions hold: 

(i) If ZiXj,yjXk G E{G), then ZjXk G E{G) for distinct i,j,k and 
for Zi e {xi,yi}. 

(ii) If Xiyj G E{G), then XiXj ^ E{G). 

Although in Herzog-Hibi [8j Alexander duality plays an important role 
for their proof, we give a direct and elementary proof without it. The 
Herzog-Hibi criterion for bipartite graphs was discussed by many authors 
in literature that gave alternative proofs for it (see [7], [13] ) 

In Section 5 we introduce a new class of graphs which we call B-grafted 
graphs. They are a generalization of grafted graphs introduced by Faridi [4j. 
If G is an unmixed B-grafted graph, then we have 2 height /(G) = tt^(G). 
Hence applying our main result, we show: 

Theorem 0.4. The B-grafted graph G{Hq; Bi, . . . , Bp) is Cohen-Macaulay 
(unmixed, respectively) if and only if every hipartite graph Bi is Cohen- 
Macaulay (unmixed, respectively) for i = 1, . . . ,p. 

See Sections 1 and 5 for undefined concepts and notation. 

1. Preliminaries 

In this section we recall some concepts and a notation on graphs and on 
simplicial complexes that we will use in the article. 
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Let G be a graph with the vertex set V{G) = {xi . . . , and with the 
edge set E{G). The induced subgragh G\w hy W C V{G) is defined by 

G\w = {W,{eeE{G);eCW}). 

For W C V{G) we denote G\v(g)\w hy G-W. For F C E{G) we denote 
{V{G),E{G) \F)hyG-F. For a family F of 2-element subsets of V{G) 
we denote {V{G),E{G) UF)hyG + F. 

A subset G C V{G) is a vertex cover of G if every edge of G is incident 
with at least one vertex in C. A vertex cover C of G is called minimal if 
there is no proper subset of G which is a vertex cover of G. A subset A of 
V{G) is called an independent set of G if no two vertices of A are adjacent. 
An independent set A of G is maximal if there exists no independent set 
which properly includes A. Observe that G is a minimal vertex cover of G 
if and only V{G) \G is a maximal independent set of G. And also note 
that height /(G) is equal to the smallest number ^G of vertices among all 
the minimal vertex covers G of G. A graph G is called unmixed if all the 
minimal vertex covers of G have the same number of elements. A graph 
G is called Cohen- Macaulay if S/I{G) is a Cohen-Macaulay ring, where 
S = K\ polynomial ring for a field K. Refer [2], [13] for 

detailed information on this subject. 

Set V = {xi, . . . A simplicial complex A on the vertex set F is a 

collection of subsets of V such that (i) {xi} G A for all Xi G V and (ii) 
F G A and G C F imply G G A. An element F G A is called a face of A. 
For F C V we define the dimension of F by dimF = ttF — 1, where ^F is 
the cardinality of the set F. A maximal face of A with respect to inclusion 
is called a facet of A. If all facets of A have the same dimension, then A 
is called pure. 

A pure simplicial complex A is called shellable if the facets of A can be 
given a linear order Fi, . . . , F^ such that for all 1 < j < i < m, there exist 
some V € Fi \ Fj and some k £ {1, . . . ,i — 1} with Fj \ Ffc = {v}. 

Moreover, a pure simplicial complex A is strongly connected if for every 
two facets F and G of A there is a sequence of facets F = Fq , Fi , . . . , F^ = 
G such that dim(Fj n Fj+i) = dim A — 1 for each i = 0, . . . , m — 1. 

If G is a graph, we define the complementary simplicial complex of G by 

A(G) = C V{G) : ^ is an independent set inG}. 
Observe that A(G) is the Stanley-Reisner simplicial complex of I{G). 

2. Unmixedness 

In this section we survey unmixed graphs whose edge ideals have the 
height that is half of the number of vertices. 
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Lemma 2.1. Let G he an unmixed graph with non-isolated 2n vertices and 
with height /(G) = n. Then G has a perfect matching. 

The proof is clear from (|,6j, Remark 2.2). By the lemma for an unmixed 
graph G with 2n vertices, which are not isolated, and with height I{G) = n, 
we may assume 

(*) V{G) = Xuy, Xny = 0, where X = {xi, . . . ,Xn} is a minimal 
vertex cover of G and y = {yi, ...,?/„} is a maximal independent set of G 
such that {xiyi, ... , XnUn} C E{G). 

From now on, set S = K[xi, . . . , Xn,yi, . . ■ ,yn] for a field K and I{G) is 
an ideal of S. By Lemma 2.1 we have the following ring-theoretic properties 
oiS/I{G): 

Corollary 2.2. Let G be an unmixed graph with 2n vertices, which are not 
isolated, and with height /(G) = n. We assume the condition (*). Then 

(i) Each minimal prime ideal of I{G) is of the form 

(Xjj^ , . . . , Xi^ , yif,^i ) • • • ) Vin ) ) 

where {ii, . . . , i„} = {1, . . . , n}. 

(ii) {xi — yi, . . . , Xn — y-n} is a system of parameters of S/I{G). 

For later use we give a characterization of the unmixedness for our 
graphs, that is a more detailed description, but a special case of a more 
general result ([10], Theorem2.9): 

Proposition 2.3. Let G be a graph with 2n vertices, which are not iso- 
lated, and with height /(G) = n. We assume the condition (*). Then G is 
unmixed if and only if the following conditions hold: 

(i) If ZiXj, yjXk G E{G) then ZiX^ G E{G) for distinct i, j and k and 

for Zi € {xi,y.i). 
(h) If Xiyj G E{G) then XiXj ^ E{G). 



3. Cohen-Macaulayness 

In this section we give combinatorial characterizations of Cohen-Macaulay 
graphs whose edge ideals have the height that is half of the number of ver- 
tices. 

First we introduce an operator that allows us to construct a new graph. 
Let G be a graph with 2n vertices, which are not isolated, and with 
height /(G) = n. We assume the condition (*). 

For any i G [n] := {1, . . . , n} set 

E, := {k G [n] : Xky^ G E{G)] \ {«}, 
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and define the graph Oi{G) by 

0^iG) := G - {xkVi : keEi} + {xkX^ : k G Ei}. 

Then for every subset T := {ii, . . . , ii} of the set [n], we define 

Ot{G)=0,,0,,---0,,{G). 

Note that Ot{G) is a graph with 2n vertices, which are not isolated, and 
with height /(G) = n satisfying the condition (*). 

Example 3.1. Let T = {2,3}, then 

yi y2 2/3 2/1 2/2 2/3 

G 

Xl X2 X3 XT 

The next proposition shows that Cohen-Macaulayness of G can be checked 
by unmixedness of all the deformations Ot{G) of G. 

Proposition 3.2. Let G be an unmixed graph with 2n vertices, which are 
not isolated, and height /(G) = n. We assume the condition (*). Then the 
following conditions are equivalent: 

(1) G is Cohen- Macaulay. 

(2) Ot{G) is Cohen- Macaulay for every subset T of [n]. 

(3) Ot{G) is unmixed for every subset T of [n]. 

Proof. Set S = /^[xi, . . . , x„, yi, . . . , Sk = /^[xi, . . . , x„, y^+i, • • • , 2/n], 
and Gfc = On{G)\xvj{y^^^,...,y^}- 

(1) (2). By relabeling, we may assume that T = [k]. Let G be a 
Cohen-Macaulay graph. Then 

S/{L{G) + (xi - yi, . . . , Xfc - Vk)) ~ Sk/{L{Gk) + (x?, . . . , x|)) 

is Cohen-Macaulay. Since the polarization preserves Cohen-Macaulayness, 

S/{L{Gk) + {xl . . . , xl)Y°' = S/(/(Gfc) + (xiyi, . . . , x^yk)) = S/L{Ot{G)) 

is Cohen-Macaulay, where {x\, . . . , x\Y°^ stands for the polarization of 
{x\, . . . , x|). See for basic properties of polarization. 

(2) ==;^ (3). Every Cohen-Macaulay ideal is unmixed pj. 

(3) =^ (1). Suppose G is not Cohen-Macaulay. We want to prove that 
there exists a subset T C [n] such that Ot{G) is not unmixed. Since G is 
not Cohen-Macaulay the sequence {xj — yj : 1 < i < n} is not a regular 
sequence of 5//(G). Hence there exists k>l such that {xi — yi : i G [/c — 1]} 
is a regular sequence of S/L{G) and Xk — yu is not regular on the ring 

R := S'fc_i/(/(Gfc_i)+(xi, . . . , Xfc_i)) ~ S/ (/(G)+(xi-yi, . . . , Xk-i-yk-i))- 
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Set J = I{Gk-i) + (xf , . . . , x1_^). Since Xk — Vk is not regular on i?, then 

Xk-Vk ^ IJ P 

PgAssi? 

and there exists an associated prime ideal P of J such that Xk — Uk ^ P- 
Since Xk € P or yk P, we have Xk,yk £ P- Hence height P > n. 
Hence R is not unmixed. Therefore S/{I{Gk^i) + (xf , . . . , ~ 
S / 1 {OTf._^{G)) is not unmixed. □ 

For distinct 11,12, ... ,ir S [n] we denote by Ci^i2..A,. the cycle C with 
and 

P(.C) = {xjj t/j-j^ , , Xi^y 12 ) • • • ) yi,.Xi^ , yi^Xi-^ }. 

Proposition 3.3. iei G 5e an unmixed graph with 2n vertices, which are 
not isolated, and height /(G) = n. We assume the condition (*). Then the 
following conditions are equivalent: 

(1) The subset {xiyi, X2y2, • • • 1 Xny-n} of E{G) is a unique perfect match- 
ing in G. 

(2) The cycle Gij is not included in G for any i < j. 

(3) For any r > 2 the cycle Gj^i2...j^ is not included in G for any subset 
{ii,i2, . . . ,ir} C [n] of cardinality r. 

Proof. (1) =^ (2). Suppose Gij C G. Then we have two perfect matchings 
in G: 

{xiyi,X2y2, • • • ,x„y„}, 
{xiyi,X2y2, . ■ ■ , Xi^iyi-i, Xiyj , xjyi, Xi+iyi+i, . . . ,Xnyn}. 

(2) =^ (3). We proceed by induction on r. 

For r = 2 there is nothing to prove. Assume r > 2 and suppose that 
Ciii2...ir C G. Since yi^_^Xi^,yi^Xi^ G E{G), we have yi^_^Xi-, £ E{G) by 
Theorem 12.31 Hence Gi^i2...i,.-i C G, which is a contradiction with the 
inductive hypothesis. 

(3) =^ (1). Suppose there exists another perfect matching: 

{xiyi^,x2yi2,. ■ ■ ,xnyi^} c E{G). 
Then we define a permutation a by 

Then a can be decomposed as a = Y\cri, where each ai is a cycle of a. 
Since a is not an identity permutation, for some i the cycle is of the 
form (ii j2 . . . jr) with r > 2. Then we have Gj^j^_-^,,,j^ C G. □ 
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Theorem 3.4. Let G he an unmixed graph with 2n vertices, which are 
not isolated, with height /(G) = n satisfying the condition (*). Then the 
following conditions are equivalent: 

(1) G is Cohen- Macaulay. 

(2) A(G) is strongly connected. 

(3) The cycle Gij is not included in G for any i < j. 

Proof (1) =^ (2). Weh known. 

(2) =^ (3). Assume that Gij C G for some i < j. Let F be a facet 
of A(G) such that Xi G F. Since Xiyj G E{G), we have yj ^ F and by 
unmixedness of G it follows that Xj G F. Hence {xi,Xj} C F. Let F' be a 
facet of A(G) such that {yi,yj} C -F'. 

We show that there does not exist a chain of facets of A(G) such that 

F = Fo,Fi,...,Fm = F', with tJ(Fi n = n - 1 for i = 1, . . . , m - L 

Every facet H G A(G) is one of the following form: 

H — , . . . , z^—i, Xi , Zi^i , . . . , Zj—i, Xj , , . . . , z-i^y 

or 

i/ = {zi, . . . , Zj+l, • • • , Zj — l: Uji ^j+li • • • ) ^n}i 

where G since {xiyi,Xjyj,Xiyj,Xjyi} C -E(G). Hence it is 

impossible to find such a chain. Hence A(G) is not strongly connected. 

(3) =^ (1). In order to prove the statement by Proposition 13.21 it is 
sufficient to verify that Ot{G) is unmixed for every subset T of [n]. Hence 
we prove that conditions (i) and (ii) of Proposition 12.31 are satisfied for the 
graph G' = Ot{G). 

First we check the condition (i) for G' . We may assume that j ^ T. 

Suppose i ^T. We must show the following: 
"If ZiXj, yjXk G E{G'), then ZiXk G E{G') for distict z, j and k and for 
Zi G {xi,yi}:' 

Since z^Xj, yjXk G E{G) and G is unmixed, by Theorem 12.31 we have ZiXk G 
E{G). Hence ZjXfc G E{G'). 

Suppose i ^T. We must show the following: 
"If XiXj, yjXk G E{G') then XjXfc G E{G') for distict j and /c." 
Since t/jX^ G E{G'), we have yjXfc G E{G). Since XjXj G E{G'), we have 
either XjXj G -E(G) or y^Xj G E{G). If XjXj G E{G), then by Theorem 12.31 
we have XjXfc G E{G), since yjXfc G -E(G) and G is unmixed. Similarly, if 
yiXj G E{G), then we have T/jX^ G E{G), since yjXfc G E{G). In both cases, 
we have XjXfc G E{G'). 

Next we check the condition (ii) for G'. We may assume that j ^ T. 
We also assume that i ^ T. We must show that either XjXj ^ E{G') or 
Xji/j ^ E{G'). Suppose XiXj,Xiyj G E{G'). Then we have Xj?/j G E{G), 
and either XjXj G -E'(G) or y^Xj G E{G). Since G is unmixed, x^Xj G E{G) 
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is impossible by Theorem 12.31 (ii). While the condition yiXj € E[G) is 
also impossible, since G does not have the cycle Cij for any i < j. It is a 
contradiction. □ 

The next lemma is crucial for giving another criterion for the Cohen- 
Macaulayness of our graphs. 

Lemma 3.5. Let G he an unmixed graph with 2n vertices, which are not 
isolated, and height I (G) = n. We assume the condition (*). 

If G is a Cohen- Macaulay graph then there exists a suitable simultaneous 
change of labeling on both {xi\ and {yi} (i.e., we relable {xi^, . . . and 
{yii, ■ ■ ■ ,yi„) as {xi, . . . ,Xn) and {yi, . . . ,yn) at the same time), such that 
Xiyj € E{G) implies i < j. 

Proof. We can define a partial order ^ on X by 

Xi :< Xj if and only if Xiyj £ E{G). 

In fact, the reflexivity holds by (*), the transitivity holds by unmixedness 
of G (see Theorem 2.4 (i)) and the antisymmetry holds since G contains 
no cycle Gij for any i < j. Take a linear extension of ^, which we call 
:<' . By the linear order we have ^' ••• :<' Xi^. We relabel them 
as xi ^' • • • Xn. At the same time we relabel , . . . , yj,^ as yi, . . . , yn- 
Then if Xiyj € E{G), Xi ^' xj. Hence i < j. □ 

Hence for a Cohen-Macaulay graph G with 2n vertices, which are not 
isolated, and height 1(G) = n satisfying the condition (*), we may assume 
that 

(**) Xiyj G E{G) implies i < j. 

Now we state another Cohen-Macalay criterion on our graphs, which is 
generalization of Herzog-Hibi ([^, Theorem 3.4). 

Theorem 3.6. Let G be a graph with 2n vertices, which are not isolated, 
and with height /(G) = n. We assume the conditions (*) and (**). 
Then the following conditions are equivalent: 

(1) G is Cohen-Macaulay; 

(2) G is unmixed; 

(3) The following conditions hold: 

(i) If ZiXj,yjXk G E{G) then ZiXk € E{G) for distict i, j, k and for 
Zi G {xi, yi}, 

(ii) If Xiyj G E{G) then XiXj ^ E{G). 

Proof. (1) ==^ (2) is well known. 

(2) (1) follows from Theorem 13.41 since we assume the condition (**). 
(2) <^=^ (3) follows from Theorem 12. 3[ □ 
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As an easy consequence of the previous results we obtain the upper bound 
for the minimal number of generators of I{G): 

Corollary 3.7. Let G be a graph with 2n vertices, which are not isolated, 
and with height /(G) = n. 

(i) If G is unmixed, then ^(/(G)) < n^. 

(ii) If G is Cohen- Macaulay, then fj,{I{G)) < lillltii. 

Proof. The statements are consequences of the criteria for the unmixedness 
and for the Cohen-Macaulayness given by Proposition 12.31 and Theorem l3.61 

□ 



4. ShELLABILITY and COHEN-MACAULAY TYPE 

In this section if G is a graph such that tt^(G) = 2n and height /(G) = n, 
we show the equivalence between Cohen-Macaulayness of G and shellability 
of the complementary simplicial complex A(G). We also express the Cohen- 
Macaulay type of S/I{G) in a combinatorial way. 

Theorem 4.1. Let G he an unmixed graph with 2n vertices, which are not 
isolated, and with height /(G) = n. Then G is Cohen-Macaulay if and only 
i/A(G) is shellahle. 

We just give a proof of the following lemma. The rest of the proof is 
almost identical with the proof of ([3j, Theorem 2.9). 

Lemma 4.2. Let G he a Cohen-Macaulay graph with 2n vertices, which 
are not isolated, and height /(G) = n. Then there exists a vertex v S y{G) 
such that deg(v) = 1. 

Proof. We may assume the condition (*). Suppose that each v E V{G) has 
at least degree 2. Let ii, i2, • • • be a sequence such that yi-^^Xi^,yi^Xi^, . . . G 
E[G) with ij 7^ ij+i- Since the cardinality of Y is finite, there must be 
exist integers s <t such that it = is- We may assume that is,is+i-, ■ ■ ■ , H-i 
are distinct. This induces the cycle CiJ^_^_-^...i^_-^ C G. Therefore G is not 
Cohen-Macaulay by Proposition 13.31 and Theorem 13.41 □ 

Now we express the Cohen-Macaulay type of a graph belonging to our 
class, imitating the bipartite case (see [H], pp. 184-185). 

Lemma 4.3. Let G he a Cohen-Macaulay graph with 2n vertices, which 
are not isolated, and height /(G) = n. We assume the condition (*). Then 

Soc {K[x,, . . .,xn]/ (/(0[„](G)|x) + (xl xl))) 

is generated hy all the monomials Xi^---Xi^ such that {xj^, . . . , Xj^} is a 
maximal independent set o/0[„](G)|x- 
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Proof. The ring A := K[xi, . . . (/(0[„](G)|x) + (xf, . . .,xl)) is spanned 

as a X-vector space by the image of 1 and the images of the squarefree 
monomials 

(4.1) Xi-^^ ■ ■ ■ Xi^, I < ii < i2 < . . . < ir < n 

such that Xi.Xii^ ^ E{0[n]{G)\x), for j / k, i.e. {xj^,... ,Xi^} is an inde- 
pendent set of 0[n]{G)\x- Since A is an artinian positively graded algebra, 
Soc A = (0 '.A A^) is generated by the images of the squarefree monomials 
of the form (j4.ip such that {xij, . . . ,Xi^} is a maximal independent set of 

0[n]{G)\x. □ 

Corollary 4.4. Let G be a Cohen- Macaulay graph with 2n vertices, which 
are not isolated, and height /(G) = n. We assume the condition (*). Then 

(i) type S/I{G) = tjT(0[„](G)|x), where T(0[„](G)|x) is the family of 
all minimal vertex covers o/0[„](G)|x- In particular, type S/I{G) 
is independent from the base field K. 

(ii) G is level if and only i/0[„](G)|x is unmixed. In particular, level- 
ness of G is independent from the base field K. 

Proof. Set S = K[xi, . . . ,Xn,yi, . . . ,yn] and Sn = K[xi, . . . 

(i) Since G is Cohen-Macaulay and {xi — yi, . . . , Xn — yn} is a regular 
sequence, we have 

type S/I{G) = dmiK Soc S/ {1(G) + {xi - yi, . . . ,Xn - yn)) 

= dimii-Soc Sn/ {liO[n]iG)\x) + {xl,...,xl)) 

= ttT(0[„](G)|x) 

by the previous lemma. 

(ii) When G is Cohen-Macaulay, G is level if and only if 

Soc S/ (/(G) + {xi - yi,. . . ,Xn - yn)) 

is equi-generated. By the previous lemma it is equivalent to that 0[„](G)|x 
is unmixed. □ 

Corollary 4.5. Let G be a Cohen-Macaulay graph with 2n vertices, which 
are not isolated, and height /(G) = n. We assume the condition (*). Then 
the following conditions are equivalent: 

(1) G is Gorestein; 

(2) /(G) = (xiyi, . . .,xnyn); 

(3) G is a complete intersection. 

Proof. (1) =^ (2). G is Gorenstein if and only if S/I{G) is Cohen-Macaulay 
and type S/I{G) = 1. Since 1 = type S/I{G) = tlT(0[„](G)|x), it follows 
that 0[„](G)|x has a unique minimal vertex cover. Hence 0[„](G)|x is 
isolated n vertices. Hence /(G) = {xiyi, . . . , Xnyn)- 
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(2) =^ (3). Prom its definition. 

(3) (1). See pq. □ 

5. B-GRAFTED GRAPH 

In this section we introduce a new class of graplis G with ^V{G) = 2n 
and with height /(G) = n and we study its Cohen-Macaulayness. 

Let Hq be a graph with the labeled vertices 1,2, ... ,p. 

For every i = 1, p let Bi he a bipartite graph with labeled partition 
Xi and Yi such that (jXj = (jl^ = rij. (We do not give a label to each vertex 
of Bi, but we distinguish the partition Xi and Yi.) We assume that Bi has 
no isolated vertex for every i = 1, . . . ,p. We define the graph 

G = G{Hq; Bi,. . . , Bp) 

as follows: The vertex set of G is V{G) := X\JY, where X = XlV^ . . .\J Xp, 
and y = n U . . . U Fp. The edge set E{G) of G defined by: 

xy € -E(G') if and only if 

either 

there exist i,j such that x G G Xj, and ij G E{Hq) 

or 

there exists i such that x £ Xi,y £ Yi, and xy G E{B,i). 
We call such a graph G the B-grafted graph. Note that X is a minimal 
vertex cover of G and y is a maximal independent set of G. Note also that 
tty(G) = 2(ELin,). 

Example 5.1. Let Hq be a cycle of the length 3. By the following bipartite 
graphs Bi, B2, B3, we obtain the i?-grafted graph G: 

yi 2/2 2/3 2/4 2/1 2/2 2/3 2/4 



^2 




i33 


^ G 














Xl 


X2 


/ 


X4 



Xl X2 X3 X4 



Remark 5.2. If is just a complete graph with 2 vertices, i.e., a complete 
bipartite graph with %Xi = JjYi = 1 for i = 1, . . . ,p, then the B-grafted 
graph G is called a grafted graph in [3] . 

Theorem 5.3. The B-grafted graph G{Hq; Bi, . . . , Bp) is Cohen- Macaulay 
(unmixed, respectively) if and only if every bipartite graph Bi is Cohen- 
Macaulay (unmixed, respectively) for i = 1, . . . ,p. 

Proof. It is clear from Theorem 13.41 (Proposition 12.31 respectively) . □ 
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